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Abstract--We prove a conjecture concerning the index of a certain eigenvalue obtained explicitly. 
Here the conjecture was motivated by the computer code SLEDGE, and we shall prove it true. 
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1. INTRODUCTION 
In this note, we would like to prove a conjecture made by Fulton, see [1], concerning the index 
of a certain eigenvalue of the following periodic Sturm-Liouville problem: 
-¢ ' (x )  + (k s sin2(x) -3k  cos(x))y(x) = ~,y(x)o, 
y(o) = y(2~), ¢(0) = ¢(2~). 
< X < 27r, 
(i) 
By construction ~(x) := sin(x)exp(k cos(x)) is an eigenfunction corresponding to ~ = 1, which 
has two zeroes in [0, 21r). Thus, if 
~0 < ~1 _ ~2 < ),3 < ~4 < ...  
denotes the sequence of eigenvalues we must either have A1 = 1 or A2 = 1. Using computer 
assistance, Fulton conjectured that )~1 = 1. In computing, the issue of indexing eigenvalues helps 
verify that there are no missing eigenvalues in the sequence, or the presence of double eigenvalues. 
One should remember that round off errors can easily induce computers to miss an eigenvalue, or 
produce a fake one. Thus, the need of indexing them as they are computed, specially when the 
number of zeroes of the eigenfunction is not related to its order, which usually follows from the 
Sturm comparison theorem. The fact that eigenvalues of periodic problems can be very close or 
even double makes (1) a good test problem for eigenvalues computing codes, as the parameter k 
can be increased while A = 1 remains an invariant eigenvalue. 
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We now show the following result for small k 
THEOREM. For k small enough, )~1 = 1. 
PROOF. It is well known, see [2], that eigenvalues of a periodic problem such as (1), satisfy, 
a(~) := ¢~(2~,~) + ¢~(2~, ~) = 2, 
where A is the Hill's discriminant and ¢1 and ¢2 are solutions of the differential equation given 
by (1) together with initial values 
¢1(0,/\) ~--- ¢~(0 ,  )~) ---- 1 and ¢~(0,,\) = ¢2(0,)~) = O. 
Observe that A is an entire function of A and k, and a simple approximation of order o(k2), 
will tell us whether A -- 1 is the second or the third zero. Clearly, by the variation of parameters 
fo x SiR ((X -- t)V/~)V/~ [k2sin2(t)- 3kcos(t)] ¢i(t,~)dt, 
sin (xv~) fo x sin ( (x - t )v~)  [k2 sin2(t) _ 3kcos(t)] ¢2(t,A)dt, 
¢2(z,~)= `5  + `5  
and for small k, the successive approximations yield 
+ f0z sin ((x - t)v~) t sin ((t - r/)v~) 
v/~ q(t) fo vf~ q(y)c°s (yv/~) dr/dt +o(k2). 
Similarly for ¢~ we have 
sin (tv/-~) dt 
fox ( ~ fo sin (r/V~) t sin ((t - 0)V~)q(r/) dodt +o(k2). cos (x-t) jq(t) `5 `5 + 
Combining the trigonometric functions inside the integrals yields 
sin (27rye) 
fo A(,~) = 2cos ( ~\27rv~/ + q(t) et `5 
f02- f0 t sin ((t -- r/)V~) sin ((27r- t + 0)V~) 
+ q(t) v/- f V~ q(o) do dt + o (k2). 
Expanding the integrand and keeping the k 2 terms only, we arrive at 
sin (2frye) 
`5 
f02~ f0' sin ((t - 0)vf~) sin ( (27r - t n~ r/) v/~ )+9k 2 cos(t) cos(r/) drldt+o(k 2) (2) 
`5 ,5 
sin (27r`5) + 9k27r sin (2~rv~) 
(4,~- 1) + o (k2). 
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If {Ak : k _> 0} denotes the eigenvalues ofthe periodic problem, and {/zk : k >_ 0} the eigenvalues 
of the semiperiodic problem, then 
Next observe that if 
/~I<-A<AI or A2_<A<#2, then-2<A(A)<2, 
and if 
A1 _< A < A2, then A(A) _> 2, 
and so we deduce that A1 and A2 are characterized by the following simple conditions 
A/(~I) _~ 0 and A'(A2) < 0. 
It is easily verified that A'(1) = 4~r2k 2 + o(k 2) and so A'(1) > 0 for small k, which means that 
A1 = 1. Since the analysis depends on k 2, k is allowed to change sign. Thus, the conjecture 
made by Fulton is proven to be true, at least for small values of k. 
For larger values of k or A the remainder o(k 2) can be approximated using sampling theorems, 
see [3]. 
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